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Buy one get one free: 1D travelling wave in a never-ending track of finite length

In 1D particle-in-a-box problem, we have ”“27%&% (z) = Ev(x) inside the well where U(z) = 0 and thus
the particle is free inside the well. We used standing wave (z) ~ sin(kz) as the solutions. Everything is
fine. In Problem Set 4, you worked out that for these energy eigenfunctions, (p) = 0. This is right. These
eigenfunctions, therefore, cannot be used to describe something that is moving, e.g. an electron moving
along a metal wire.

The technique you used in Problem 5.2 for the ®(#) function can be used to handle 1D free-particle
problems with solutions that are travelling.

Consider a particle that is free (U(z) = 0) within a 1D system of length L. We want to mimic an infinite
system by a finite L system. The trick is to connect the two ends together, i.e., what is called z is the
same as = + L. The physical picture is that of a very long circular track (e.g. 100 km in circumference).
As you run on the track, you will think that the track is a straight path (because it is very long) and
it never ends (a circle never ends), although the path has a finite length. Technically, this is referred to
be the periodic boundary condition. This is very important in solid state physics, as we want the
electrons in a solid to move.

Solve the TISE with travelling waves of the form 1 (z) ~ €% and find the energy eigenvalue corre-
sponding to 4 (). Requiring that 1/ (z) should be single-valued to be physically acceptable, obtain the
allowed values of k and hence the allowed energy eigenvalues. An advantage of this approach is that 5 (z)
can be normalized. Find the normalization constant for ¢ (z).
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